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Abstract It is conjectured that every fullerene graph is hamiltonian. Jendrol’ and
Owens proved (J. Math. Chem. 18:83-90, 1995) that every fullerene graph on n verti-
ces has a cycle of length at least 4n/5. Recently, Kral et al. improved it to 5n/6 —2/3.
In this paper, we study 2-factors of fullerene graphs. As a by-product, we get an
improvement of a lower bound on the length of the longest cycle in a fullerene graph.
We present a constructive proof of the bound 6n/7 +2/7.

Keywords Fullerene - Fullerene graph - 2-factor - Long cycle - Hamilton cycle

1 Introduction

Since the discovery of the first fullerene molecule [13] in 1985, the fullerenes have been
objects of interest to scientists all over the world. The name fullerenes was given to
cubic carbon molecules in which the atoms are arranged on a sphere in pentagons and
hexagons. Fullerene graphs were defined as cubic (i.e. 3-regular) planar 3-connected
graphs with pentagonal and hexagonal faces.

Various structural properties of fullerene graphs have been studied. See the papers
[1-3,18] for results on perfect matchings, i.e. Kekulé structures of fullerenes. In [§]
the independence number of fullerenes is studied. See [14] for a list of open problems
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on fullerene graphs. One of the central questions remains to see whether this class of
graphs is hamiltonian.

The hamiltonicity of various subclasses of 3-connected planar cubic graphs has
been investigated. Griinbaum and Zaks [9] asked whether the graphs in the family
G3(p, q) of 3-connected cubic planar graphs whose faces are of size p and ¢ with
p<gq are hamiltonian for any p,q. Note that p € {3, 4, 5} by Euler’s formula. For
recent results see [7,6,16,17].

Let us restrict our attention to fullerene graphs. For every fullerene graph, the
leapfrog fullerene (graph obtained by replacing each vertex by a hexagon, see e.g. [5]
for details) contains a hamiltonian path [15]. In general, Ewald [4] proved that every
cubic planar graph with faces of size at most 6 contains a cycle which meets every
face of G. This implies that there is a cycle through at least n/3 of the vertices of any
fullerene graph on n vertices. Jendrol’ and Owens [10] gave a better bound of 4n/5.
Recently, Krarl et al. [12] improved it to 5n/6 — 2/3.

2 Results

The main result can be stated in the following way.

Theorem 1 Let G be a fullerene graph on n> 380 vertices. The length of the longest
cycle in G is at least 6"7—""2

We will prove the following propositions, from which the statement of Theorem 1
immediately follows.

Proposition 1 Let G be a fullerene graph on n> 380 vertices. There is a 2-factor of

G consisting of at most "2 cycles.
8 1z ¢y

Proposition 2 Let G be a fullerene graph on n vertices. If there is a 2-factor G’
consisting of ¢ cycles, then there is a cycle in G of length at least n — 2(c — 1).

3 Proof of proposition 1

Let us start with several definitions.

A perfect matching in a graph G is a set of edges such that every vertex of G is
incident with precisely one of them. A k-factor in a graph G is a k-regular spanning
subgraph of G. A 1-factor is just a perfect matching. Note that if M is a perfect matching
of a cubic graph G, then E(G) \ M forms a 2-factor of G.

Let G be a fullerene graph and M be a perfect matching in G. A hexagonal face
fis called resonant in M, if precisely three edges incident with f are in M. Let G be
a fullerene graph and G’ be a 2-factor in G. A hexagonal face f is called a shift, if
precisely three non-adjacent edges incident with f are in G'. It is easy to see that fis
resonant in M if and only if fis a shiftin E(G) \ M.

The idea of the proof is as follows: First, we find a 2-factor in G. We proceed to
delete some edges and after that add some other edges, in such a way that we get a
collection of long cycles.
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Fig. 1 A shiftin G, a hole in G| and a corresponding structure of H

3.1 Search for a good start

Lemma 1 Let G be a fullerene graph on n> 380 vertices. Then there is a 2-factor G’
of G such that at least one hexagon is a shift.

Proof In [11], it was proven that for every fullerene graph G on n vertices there is a
decomposition of its edges into three perfect matchings My, M>, M3, such that at least

one of them, say M|, has at least “ _63180 resonant hexagons. Then G’ = M U M3 is a
2-factor of the graph G having at least "_63180 shifts. O

Let the edges of G’ be black and the rest be white.
Lemma 2 There are no three shifts fi, fa, f3 incident with a common vertex v.

Proof Let v be a vertex of G. Then precisely two of the three edges incident with v
are black and one of them is white. Thus, the face incident with the two black edges
cannot be a shift. O

Let us transform all shifts as follows: For each shift f, recolor all three black edges
incident with f white. Insert a new vertex vy in the center of fand join vy with the six
vertices incident with f by six new black edges. Let the configuration of six triangles
obtained this way be called a hole. Repeat the procedure until there are no shifts left.
Let the resulting plane graph be G (see Fig. 1).

If we delete all the white edges in G, we get the graph G;. Each vertex has degree
2 or 6 in it. We introduce a plane pseudograph (a graph with multiple edges and loops)
H derived from G, by the following operation:

Contract every non-loop edge with at least one end-vertex of degree 2. Repeat this
step until there are no more edges of this type. Note that the resulting pseudograph
H does not depend on the order of the contractions. Its components are either loops,
or 6-regular connected plane pseudographs. Vertices of degree 6 in H correspond to
holes in G;.

A loop L in H forming a component corresponds to a black cycle C in G. Recolor
the (black) edges on cycles of G corresponding to such loops of H blue.

Lemma 3 There are no blue cycles in G.

Proof Assume there is at least one blue cycle in G. Since there is at least one shift
in G, there is at least one black cycle in G. Therefore, there must be a face fincident
with a blue edge and a black edge. Let C be the blue cycle incident with fand C’ be
the black cycle incident with f. There are five possibilities (up to symmetry) of the
position of blue and black edges incident with f; see Fig. 2.
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Fig. 2 The list of all possible positions of black and blue edges incident with a face f. Blue edges are

doubled
(= :é:;: B

Fig. 3 Left to right: the face fincident with a blue cycle and a black cycle, adjacent to a shift g in G; the
face fincident with a blue cycle adjacent to a hole, f'is now a shift; the face f becomes a new hole. Blue
edges are doubled

Fig. 4 The two possible types
of loops incident with a vertex of
H

Since Cis not adjacent to a hole in G 1, faces marked with an asterisk cannot become
holes, for they are incident with two consecutive black edges. If the face g were to
become a hole in the process of obtaining G1, it forces the face f to become a hole
(see Fig.3). A contradiction with C not being adjacent to a hole in G . Therefore C’
is a cycle not adjacent to any hole in G thus it is blue, which is a contradiction. O

After this step there are no isolated loops in the graph H. There still can be some
loops incident with a vertex of degree six (corresponding to a hole of Gp).

Lemma 4 If there are loops in H, then there are only two black cycles in G.

Proof Lemma 3 insures that there are no blue cycles in G;. Therefore, the graph H is
6-regular.

Let the six edge ends incident with a vertex fin H be denoted by 1,...,6. Let us
suppose that there is a loop / at f. It is obvious that it can connect two adjacent edge
ends or two opposite ones. Without loss of generality it can either connect 1 and 2
or 3 and 6. If it connects 1 and 2 as in Fig. 5, since there are no other holes incident
with any edge of the black cycle in G corresponding to the loop /, we apply the same
reasoning as in Lemma 3 to come to the conclusion that there is a loop connecting 3
and 6 and after one more step a loop connecting 4 and 5.

If it connects 3 and 6 as in Fig. 4, we simply apply the reasoning from Lemma 3 to
the loop connecting 3 and 6 to get a loop connecting 1 and 2 and a loop connecting 4
and 5 (see Fig.5).

Therefore the only configuration of a hole with a loop is the rightmost one in Fig. 5.
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Fig. 5 One loop forces other two

Fig. 6 Deciding the hole *
incident with a red closed track.
Edges of the red closed track are
doubled ’
*

In this case there are no other holes adjacent to the loops, which means that the
three loops contain all vertices of G1. This means that f was the only shift in G and
therefore there are only two black cycles in G. O

In the following we deal only with the case where there are no loops in H.

3.2 Deciding the holes

Now, we have the graph G in which black edges form a 2-factor, and the graph G in
which shifts were changed into holes. In G, the black edges form a set of paths going
from one hole to another. Let us call these paths tracks.

We introduce an algorithm for deciding the holes in such a way that all resulting
black cycles are long enough. By deciding a hole f we mean recoloring three non-
adjacent edges incident with f'black and removing the vertex vy — this way the hole is
changed back to a shift. There are always two possible decisions for each hole.

At the beginning, all black edges are on tracks. During the process, some black
cycles and closed tracks will be created. By closed track we mean track that emerge
and end in the same hole. Let us define the inside of a closed track £: Let C be the
component of G \ £ that has less vertices. Then the inside of £ is the graph induced
on C U ¢. If we create a closed track such that there are less than three faces inside it,
we color it red. We show that it is possible to find a sequence of hole decisions such
that the number of red closed tracks does not exceed one.

If there is a red closed track ¢, we decide the hole fincident with it in the way that
prevents us from creating a short cycle, see Fig. 6. We show that there is at most one
new red closed track.

Let us assume there are two new red closed tracks. Then the two tracks incident
with fare parts of two distinct red closed tracks. The closed track containing the edges
of ¢ contains at least the two faces adjacent to f (marked with an asterisk in Fig. 6).
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Fig. 7 Deciding the pair of holes of the type a; the shortest cycle that can be obtained this way

& & &

Fig. 8 Deciding the pair of holes of the type b; the shortest track that can be obtained this way

The track can only be red if these are the only faces inside it. But that is not possible,
since the two faces can not be adjacent in a fullerene graph.

Let there be no red closed tracks.

Let us define three special types of holes. A hole fis of type a, if all tracks starting
in fend in the same hole f’. A hole fis of type b, if precisely 5 of the tracks starting
in fend in the same hole f’. A hole fis of type c, if three tracks starting in fend in f’
and the other three end in f” # f'.

The holes of the type a appear only in pairs. We can always decide those pairs in
such a way that we get a single cycle, and the length of such cycle is at least 24, see
Fig.7.

The holes of the type b appear only in pairs, too. We can always decide those pairs
in such a way that we get a long track. If the obtained track is closed its length is at
least 19 edges (see Fig. 8) and it is never red.

Let there be no holes of the types a or b.

Let fbe a hole. There are two possible decisions for it. We claim that if fis not of
type c, it can be decided in such a way that we get at most one red closed track.

For sake of a contradiction, assume that both decisions lead to at least two red
closed tracks. Mark the tracks ending in f'as pj up to pg in cyclic order. One decisions
joins p1 with pa, p3 with p4 and ps with pe. Without loss on generality suppose that
p1 with py and p3 with ps form two closed tracks. It means that p; and p> end in
the same hole f17 and p3 and ps end in f34. If fi» = f34, then since fis not of type
a or b, ps and pg do not end in that hole. Then the other decision can make only
one closed track, hence only one red closed track indeed, a contradiction (see Fig.9
for illustration). If f1» # f34, then we can only get two closed tracks for the other
decision if f is of type c, a contradiction again.

If there are no red closed tracks and all holes are of the type c, the graph H consists
of cycles with tripled edges. Consider one of them. If the number of holes on the cycle
is even, we can decide them in such a way that we get only one long black cycle,
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Fig. 9 If the pairs of tracks p1, p2 and p3, p4 lead to closed tracks, the other decision of the hole leads to
at most one red closed track
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Fig. 10 Deciding the cycle of holes of the type ¢
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Fig. 11 If the holes of the type ¢ form an odd cycle, we always get two cycles (left); the shortest possible
pair of cycles that can be obtained this way have lengths 5 and 25 (right)

see Fig. 10. If their number is odd, we can decide them in such a way that we get two
cycles of big average length, see Fig. 11.

Altogether, at the end of this process all the holes have been decided and black
edges form a 2-factor again.

There are cycles of length at least 24 formed by pairs of holes of type a, pairs of
cycles of average length at least 15 formed by holes of type c, or cycles with at least
three faces inside. If there are three hexagons, the cycle has length 14. If there are k
pentagons and 3 — k hexagons, the cycle has length 14 — k.

Let the number of cycles of length 11 be c11, the number of cycles of length 12 be
c12, the number of cycles of length 13 be c13, the number of all other cycles be c14 and
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Fig. 12 If a pentagon is incident with two cycles, we can change them to one cycle in such a way that the
number of white vertices increases or decreases by 1

G 43 343 2

Fig. 13 If a hexagon is incident with two cycles, we can change them to one cycle in such a way that the
number of white vertices increases by at most 2

let c = c11 + c12 + 13 + c14. Then since there are exactly 12 pentagons in a fullerene
graph,

3c11 4+ 2c12 + 13 < 12.
On the other hand,
11ci1 + 12¢12 + 13c13 + 14c14 < n.
Adding the two equations yields
l4c < n + 12.

This is the bound needed.

4 Proof of proposition 2

Proof Let G’ be a 2-factor. We color the edges of G’ black, the other edges white.
Initially, we color all the vertices black and then we recolor the vertices not on any
black cycle to white.

If there are at least two cycles in the graph G’, there must be a face f incident with
two different cycles Cy and C,. If the face fis a pentagon, then we recolor the black
edges incident with f white and vice-versa. This way the number of white vertices
increases or decreases by 1 (see Fig. 12 for illustration).

If the face fis a hexagon which is not a shift, then the black edges incident with f
induce two paths. We recolor the black edges incident with f white and vice-versa. This
way the number of white vertices changes by —2, 0, or 2 (see Fig. 13 for illustration).

If the face fis a shift, then two of its black edges are on one cycle, say C1, and one
on the other cycle, C;. If any of the two faces adjacent to f and incident both with Cy
and C» is not a shift, we use that face to join C and Cj. If both those faces are shifts,
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Fig. 14 If a shift fis incident
with two cycles and g and & are
shifts too, we can first switch the
shift fand then change any of the
faces marked with an asterisk to
change the cycles to one cycle

then we change the color of the edges incident with the shift f. The number of cycles
does not change, and the two faces that shared a black C edge with f can now be used
to join C1 and C3, see Fig. 14.

This way we can always decrease the number of cycles by introducing at most
two white vertices per cycle. Hence, the number of white vertices w is at most
2(c—1). O
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